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Abstract

A theoretical study of the effect of variable viscosity on the classical Falkner—Skan flow is presented in this paper. The results are obtainec
with the direct numerical solution of the boundary layer equations. Velocity and temperature profiles are shown graphically and wall heat
transfer and wall shear stress are listed in tables for Prandtl numbers from 1 to 10 000. The effect of different parameters on the flow field i
discussed.
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1. Introduction fer from either an isothermal or uniform flux wedge to fluids
for any Prandtl number.

The fluid flow along a stationary plate is a classical prob-  hen the fluid is assumed to have constant properties
lem of fluid mechanics known as the Blasius problem. In this then the problem is uncoupled, that is, the momentum equa-
case the free stream is parallel to the plate and its velocity ion "as an influence on the energy equation but the energy
is constant. If the wall makes a positive angle with the free €duation has not any influence on the momentum equation.
stream, then the free stream is accelerated along the wall and0Wever, most fluids have temperature-dependent viscosity
we have the Falkner—Skan flow along a wedge. Falkner ang@nd this property varies significantly when large temperature
Skan [1] showed that this problem admits similarity solu- differences eX|s_t. In this case the two equ_auons are coupled
tion as happens with the Blasius problem. Hartree [2] solved and each equation affects tr_le othgr. The f|rs_t attempt to solve
this problem and gave numerical results for the wall shear the Falkner—Skan problem including the variation of viscos-
stress for different values of the wedge angle. These values!ty With temperature was made by Herwing and Wickern [6]
can be found in fluid mechanics textbooks (see for example Who used an asymptotic expansion method valid only for
Bejan [3]). The heat transfer similarity solution can be devel- small h_eat t_ransfer rates. Hossain et al. _[7] st_udled the flow
oped in the same way by substituting the Falkner—Skan sim-©f & fluid with temperature dependent viscosity past a per-
ilarity momentum equation into the boundary layer energy meable Wedge with uniform surface heat_ flux. In anoth_er
equation. Eckert [4] solved the Falkner—Skan flow along an P2P€r HOSS"’_"” et 'al. [8] extended the previous work co.n5|d-
isothermal wedge and gave the first wall heat transfer values.£1ng Poth viscosity and thermal conductivity as functions
Thereafter, many solutions have been obtained for different Of temperature. The above two works concern uniform heat
aspects of this class of boundary layer problems. Lin and flux at the surface while the Prandtl number has been as-

Lin [5] provided very accurate solutions for wall heat trans- SUumed constant across the boundary layer. Elbashbeshy and
Dimian [9] investigated the effect of variable viscosity and

radiation on flow and heat transfer over a wedge with con-
E-mail address: apantokr@civil.duth.gr (A. Pantokratoras). stant surface temperature but only fioe= 1/3 and assuming
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again that the Prandtl number is constant inside the bound-whereT,, is the wedge temperaturg; is the ambient fluid
ary layer. The objective of the present paper is to presenttemperaturey, is the free stream velocity ang is a con-
results for the classical Falkner—Skan problem with constant stant. The exponent, which is called the Falkner—Skan
surface temperature considering both viscosity and Prandtlpower-law parameter, is related to the wedge argyley
number variable across the boundary layer and covering am = /(2 — ).
wide range of Prandtl numbers and exponents m. The re- The viscosity is assumed to be an inverse linear function
sults are obtained with the direct numerical solution of the of temperature given by the following equation [11]
boundary layer equations. A direct solution procedure of the
untransformed equations has been also used by Nanbu [10}- = —[1—|— y(T — Ta)] (6)
for the unsteady Falkner—Skan problem with constant prop- a
erties. where 4 is the ambient fluid dynamic viscosity andis
a thermal property of the fluid. Eq. (6) can be rewritten a
follows

2. The mathematical model 1
; =a(T —-T) (7)
Consider the flow along a wedge placed in a flowing fluid
with u andv denoting respectively the velocity components
in the x and y direction, wherex is the coordinate along
the wedge surface andis the coordinate perpendicularto
(see Fig. 1). For steady, two-dimensional flow the boundary
layer equations including variable viscosity are

wherea = y /g andT; = T, — 1/y are constants and their
values depend on the reference state and the thermal prop-
erty of the fluid.

Egs. (1), (2) and (3) represent a two-dimensional par-
abolic flow. Such a flow has a predominant velocity in the
streamwise coordinate which in our case is the direction
along the wedge surface. The equations were solved di-
rectly, without any transformation, using the finite difference
du Jv method of Patankar [12]. In the numerical solution of the
9x @ =0 @) boundary layer problems the calculation domain must al-
ways be at least equal or wider than the boundary layer thick-
ness. However, it is known that the boundary layer thickness

e continuity equation:

e momentum equation:

Ju v 1 9 Ju g increases withx. If a Cartesian grid, formed by lines of con-
U—+v—=——\pu— | +tua— 2 stantx andy is chosen, the number of grid points within
ax dy  pady dy dx
_ the boundary layer for small values of where the bound-
e energy equation: ary layer is thin, is small and the computational accuracy is
2 low. If the mesh length is reduced to have more points in the
oT oT 0T - -
+v—=a0—= 3) boundary layer at smati, the grid points at large becomes

u
2
9x dy dy excessive. Therefore, it would be desirable to have a grid

which conforms to the actual shape of the boundary layer. In
this work an expanding grid has been used according to the
following equation

whereT is the fluid temperaturey is the dynamic viscos-
ity, « is the thermal diffusivity, angb, is the ambient fluid

density.
The boundary conditions are as follows: Yout = Yo + cx (8)
aty=0, u=0, v=0, T=Ty (4) where yout is the outer boundary; is the spreading rate
n of the outer boundary and x is the distance at the current
asy —> oo, ug=ugx", T =T, (5)

step. The forward step siz&x increases in proportion to
the width of the calculation domain and was 1% of the outer
boundary. In order to obtain a complete form of both the
temperature and velocity profile at the same cross section we
used a nonuniform lateral gridvy takes small values near
the wedge (many grid points near the wedge) and increases
alongy. The lateral grid cells were 500.

The solution procedure starts with a known distribution
of velocity and temperature at the wedge edge=(0) and
marches along the wedge. Flat velocity and temperature pro-
files were assumed at the wedge edge. These profiles were
used only to start the computations and their shape had no
influence on the results which were taken far downstream
Fig. 1. The flow configuration and coordinate system. (see Fig. 2). At each downstream position the discretized
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equations (2) and (3) are solved using the tridiagonal ma-
trix algorithm (TDMA). The cross-stream velocitieswere
obtained from the continuity equation. Asincreases the
successive velocity profiles become more and more simi-

lar and the same happens with temperature profiles. The
solution procedure stops at the point where the successive

velocity and temperature profiles become identical. The re-

sults are grid independent. The parabolic solution procedure

is a well known solution method and has been used exten-
sively in the literature. It appeared for the first time in 1970
[13] and has been included in classical fluid mechanics text-
books (see page 275 in White [14]). A detailed description of
the solution procedure, with variable thermophysical proper-
ties, may be found in Pantokratoras [15]. In the vicinity of
the leading edge the problem is elliptic and the present par-
abolic procedure is not valid. However, asincreases the
elliptic effects decay rapidly and the problem turns from el-
liptic to parabolic. We used the above parabolic procedure
in the entire region taking into account that we are interested
in results at long distances from the leading edge were the
problem is purely parabolic.

The coincidence of successive velocity and successive
temperature profiles at large is a proof that the present
problem admits similarity solution. This means that the
present problem could be treated with the classical similarity
method used for variable viscosity problems (see for exam-
ple Pop et al. [16]). In the classical similarity method the

transformed energy equation contains the Prandtl number,

A. Pantokratoras/ International Journal of Thermal Sciences 45 (2006) 378-389

The Reynolds number is defined as

UaX

Re= — (12)
Va
andg;, is a constant defined by
T — T. 1
O = : ? = (13)

Tw—Ta  y(Tw—Ta)

In Egs. (9), (10) and (11) the prime represents differentiation
with respect to similarity variable defined as

nzzRel/2
X

(14)

When the wedge temperature is greater than the ambient one
(fluid heating), negativé, corresponds to liquids and posi-
tive 6, to gases. The opposite happens for fluid cooling. In
this case negativé, corresponds to gases and positée

to liquids. It should be mentioned here that whgr> oo

the fluid viscosity becomes equal to ambient viscosity, that
is, viscosity is constant inside the boundary layer and we
have the classical Falkner—-Skan flow where the momen-
tum equation is not affected by the energy equation. When
the relationship between viscosity and temperature is strong
(largey) or the temperature difference between the plate and
the ambient fluid is large, thely — O.

In order to test the accuracy of the present method, results
were compared with those available in the literature. First we
checked the influence of the boundary conditions2t0 on
the results. If we assume that= 0 andg; is infinite then we

which is usually treated as a constant across the boundaryhave the classical Blasius problem with constant viscosity.

layer. However, the Prandtl number is a function of viscosity

The wall shear stress of the Blasius problem is given by the

and as viscosity varies across the boundary layer, the Prandtfollowing equation [14, p. 235]

number varies, too. The assumption of constant Prandtl num-

ber in the classical similarity method leads to unrealistic

results when viscosity is a strong function of temperature

[17]. For that reason we used the direct solution procedure
of Patankar which gives accurate results even for strong re-
lationship between viscosity and temperature.

3. Resultsand discussion

The most important quantities for this problem are the
wall heat transfer and the wall shear stress defined as [16]

aT
0'0)=——"— Rel/z[—] (9)
TW — Ta 3y y=0
P —1 9
£7(0) = Ur— 2 Hw_ Rel/2 ou (10)
2
ﬂr Palty ay y=0

wheref is the dimensionless temperatutg — 7a)/(Tw —
T3), nw is the fluid viscosity at the wedge surface afids
the dimensionless stream function for which the following
equation is valid

fl==

Ua

(11

0.4696uu0
T
wherev is the fluid kinematic viscosity. In Fig. 2 we present
the variation of dimensional wall shear stress along the plate
for the Blasius problem with free stream velocity =
1 cmsec?, u =0.05 grem-sec ! andv = 0.05 cnf-sect.
The dashed line has been produced using Eq. (15) and the
solid line by the present method solving the boundary layer
equations using the above described solution procedure of
Patankar [12]. We see that, except for a small region near the
plate leading edge, the two methods give identical results.
The results of the present work have been taken at large
and this means that our initial profilessat= 0 had no influ-
ence on the results.

Figs. 3 and 4 show the velocity and temperature distribu-
tion across the boundary layer for ambient Prandtl number 1,
m = 1 and different values of the viscosity paraméteiThe
dashed line in Fig. 3 is the similarity solution with constant
viscosity (see page 246 in White [14]) and the dashed line
in Fig. 4 is the temperature similarity profile with constant
viscosity [4]. We see that as the absolute value of the viscos-
ity parameter increases, that is, as viscosity tends to become
constant inside the boundary layer, our profiles tend to coin-
cide with the similarity profiles known in the literature. Our

(15)
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Table 1
Values of f”/(0) andé’ (0) for Prag=1
Or m=—0.05 m=0 m=1/11 m=1/5 Pry
) 0'(0) ) 6'(0) ) 0'(0) ) 60’0

00 0.2135 02994 03320 03320 04837 Q3707 06213 04053 100
Harris Harris Hartree Eckert Harris Harris Harris Harris
etal. etal. etal. etal. etal. etal.

-10 02320 03046 03612 03410 05167 03762 06619 04115 091
-8 0.2365 03059 03672 03418 05248 Q3776 06716 04123 089
-6 0.2438 03079 Q03771 03440 05376 03792 06876 04146 086
—4 0.2582 03116 03950 03463 05629 03831 Q7186 04182 080
-2 0.2983 03221 04491 03578 06328 03926 08043 04277 067
-1 0.3673 03380 05400 03732 Q7275 04076 09511 04423 050
-0.1 0.8749 04193 12582 04518 17591 04832 22198 05174 009
-0.01 23211 04945 34970 05198 50267 05476 64149 05787 001
—0.001 68795 05303 106615 05521 154823 05753 198426 06053 0001

2 0.1098 02637 01909 03025 02864 03371 03756 03715 200
4 0.1642 02838 02688 03221 03930 03572 05090 03917 133
6 0.1812 02895 02917 03260 04248 03616 05485 03968 120
8 0.1895 02921 03038 03290 04401 03644 05674 03991 114
10 01944 02936 03107 03315 04492 03662 05785 04008 111
00 0.2135 02994 03320 03320 04837 03707 06213 04053 100
Or m=1/3 m=1 m=2 Prw
70 0’ (0) ) 60'(0) ) 6'(0)
00 0.7574 04401 12326 05705 17151 Q7161 100
Harris Harris Harris Harris Harris Harris
etal. etal. etal. etal. etal. etal.

-10 08054 04461 13070 05766 18168 Q7235 091
-8 0.8170 04472 13250 05780 18411 Q7252 089
-6 0.8360 04490 13543 05803 18812 Q7278 086
—4 0.8726 04527 14111 05845 19588 Q7328 080
-2 0.9742 04623 15684 05957 21736 Q7461 067
-1 11482 04777 18386 06128 25391 Q7662 050
-0.1 26778 05535 42850 06971 59075 08643 009
-0.01 7.7897 06133 125950 Q7598 175025 09383 001
-0.001 241600 06391 391660 Q7854 545402 Q9637 0001

2 0.4638 04051 Q7728 05280 10849 06653 200

4 0.6238 Q04257 10246 05527 14308 06952 133

6 0.6708 04311 10979 05593 15308 Q7029 120

8 0.6934 04340 11330 05623 15789 Q7065 114
10 07066 04351 11536 05640 16070 Q7086 111
00 0.7574 04401 12326 05705 17151 Q7161 100

Fig. 2. Variation of wall shear stress for the Blasius problem with

Tfdynfcm?3)

Blasius problem

x{cm)

free stream velocity 1 ceec, 1 = 0.05 grcm-sec’! and v = 0.05
cm?-sec 1: dashed line, Blasius solution: solid line, present work.

results with very largé;, (6; — oo) coincide completely with

the similarity profiles and for that reason are not shown on
the figures. The results shown in Figs. 3 and 4 are a second
evidence of the accuracy of the present solution procedure.

A third evidence for the accuracy of the present method is
the fact that the nondimensional wall shear strg6&) and
wall heat transfe®’(0) calculated from the present method
for a fluid with constant viscositygf — oco) coincide with
those of Hartree [2], Eckert [4] and Harris et al. [18] as it is
seen in the following tables.

In Tables 1-4 and 5 the wall shear stress and the
wall heat transfer are given for ambient Prandtl num-
bers 1, 10, 100, 1000 and 10000, respectively, ane
—0.05,0,1/11,1/5,1/3,1 and 2 (these values @t have
been used by Harris et al. for the unsteady, constant vis-
cosity Falkner—Skan flow). The correspondence between the
exponentn and the wedge angle is as follows:
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Table 2

Values of f”/(0) andé’(0) for Prg =10

Or m = —0.05 m=0 m=1/11 m=1/5 Prw

) 60’0y ) 60'(0) ) 0'(0) ) 6’0
[ 0.2135 06380 03320 Q7281 04837 08325 06213 09221 1000
Hartree Eckert Harris
etal.

-10 02356 06527 03669 Q07380 05235 08480 06704 09378 910
-8 0.2410 06562 03741 Q7425 05332 08518 06284 09418 889
-6 0.2500 06621 03844 Q7473 05493 08576 Q7021 09480 857
—4 0.2680 06733 04106 Q7585 05809 08692 Q7407 09600 800
-2 0.3207 Q7041 Q4775 Q7903 06710 09005 08503 09931 667
-1 0.4205 Q7552 06082 08415 08336 09518 10457 10460 500
-0.1 13483 10563 17175 11326 21975 12391 26602 13376 Q91
-0.01 27670 13188 39054 14042 54155 15174 68083 16246 010
—0.001 73100 15624 110065 16318 158117 17322 201967 18284 Q001

2 0.1027 05469 01766 06302 02642 07341 03464 08168 2000
4 0.1583 05966 02586 06822 03785 07888 04908 08747 1333
6 0.1769 06111 02848 06967 04145 08042 05357 08917 1200
8 0.1861 06182 02984 Q7032 04322 08117 05576 08993 1143
10 01917 06223 03059 Q7078 04426 08162 05706 09041 1111
00 0.2135 06380 03320 Q7281 04837 08325 06213 09221 1000
Or m=1/3 m=1 m=2 Pry
e 0'(0) £ 0'(0) /") 0'0)
[ 0.7574 10115 12326 13388 17151 16977 1000
Hartree Eckert Hartree Eckert

-10 08155 10284 13219 13601 18364 17231 910
-8 0.8296 10327 13437 13648 18659 17295 889
-6 0.8529 10393 13794 13728 19143 17392 857
—4 0.8984 10522 14490 13885 20084 17583 800
-2 10271 10861 16442 14297 22720 18082 667
-1 12548 11415 19853 14958 27291 18906 500
-0.1 3.1258 14417 47913 18473 65148 23121 091
-0.01 81965 17391 130650 21937 180205 27206 Q10
—0.001 245381 19386 396522 24033 546120 29576 001

2 0.4279 09002 Q07138 12005 10042 15272 2000
4 0.6018 09624 09900 12782 13841 16233 1333
6 0.6555 09801 10742 13000 14995 16500 1200
8 0.6816 09882 11150 13104 15548 16627 1143
10 06971 09932 11391 13164 15878 16700 1111
o0 0.7574 10115 12326 13388 17151 16977 1000
| 8=0001
08 — similarity solution for the
Falkner-Skan problem
with constant viscosity
4 and m=1
0.6 —
04 —
0.2 —
i T ' | |
0 1 . 2 3 o
Fig. 3. Velocity distribution for ambient Prandtl numbewi= 1 and differ- Fig. 4. Temperature distribution for ambient Prandtl numben & 1 and

ent values of the viscosity parameter Solid lines correspond to variable ~ different values of the viscosity parametier Solid lines correspond to vari-
viscosity and dashed line to similarity solution with constant viscosity. able viscosity and dashed line to similarity solution with constant viscosity.
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Table 3
Values of £/ (0) andé’ (0) for Pra = 100
Or m=—0.05 m=0 m=1/11 m=1/5 Pry
) 0'(0) ) 6'(0) ) 0'(0) ) 60’0
o 0.2135 13555 03320 15719 04837 18152 06213 20236 100
Hartree
—-10 02363 13882 03654 16032 05281 18543 06771 20660 91
-8 0.2419 13967 03734 16122 05392 18640 06910 20765 89
-6 0.2514 14098 03867 16255 05575 18794 07137 20931 86
—4 0.2702 14355 04133 16542 05938 19094 07589 21252 80
-2 0.3270 15082 04922 17301 Q7006 19928 08909 22144 67
-1 04403 16345 06459 18615 09045 21344 11406 23662 50
-0.1 2.0861 26052 26054 28303 32582 31228 38620 33893 9
—0.01 55075 35757 63990 37605 76622 40392 89555 43176 1
—0.001 87143 41713 123260 44425 170822 48005 214537 51368 01
2 0.1030 11556 01687 13520 02522 15712 03278 17636 200
4 0.1578 12628 02515 14685 03698 17040 04780 19056 133
6 0.1765 12949 02788 15036 04087 17408 05265 19474 120
8 0.1857 13105 02925 15194 04278 17590 05505 19669 114
10 01913 13193 03006 15300 04392 17700 05648 19788 111
) 0.2135 13555 03320 15719 04837 18152 06213 20236 100
Or m=1/3 m=1 m=2 Pry
Q) 6'(0) 10 6’(0) Q) 6’(0)
oo 0.7574 22314 12326 29863 17151 38128 100
Hartree Hartree
—-10 08241 27555 13368 30453 18561 38870 91
-8 0.8405 22864 13625 30601 18925 38963 89
-6 0.8678 23050 14050 30828 19500 39260 86
—4 09216 23342 14887 31265 20640 39811 80
-2 1.0784 24355 17306 32483 23922 41327 67
-1 1.3725 25957 21780 34514 29905 43906 50
-0.1 44521 36675 65168 47295 86382 59317 9
—0.01 102857 46266 152540 58716 204005 73291 1
—0.001 258312 54971 411722 69342 567603 86017 01
2 04033 19487 06675 26196 09360 33455 200
4 0.5852 21025 09597 28205 13401 35970 133
6 0.6436 21484 10526 28768 14680 36687 120
8 06725 21692 10983 29053 15308 37050 114
10 06897 21823 11255 29207 15682 37252 111
o0 0.7574 22314 12326 29863 17151 38128 100
m —005 0 Y11 1/5 1/3 1 2 see tha®’(0) increases aBr, increases for negativi. The
g —-0105 0 Y6 1/3 1/2 1 4/3 same happens for positivg (not shown in the figure). In
not flat wedge  wedge wedge  stagnation not Fig. 8 the wall shear stress is shown as function of the am-

physical plate angle 30 angle 60 angle 90 flow 180° physical bient Prandtl number. It is seen thAt (0) increases aBra

increases for negativg. For positived, (not shown in the
In the Falkner—Skan problem the flow is accelerated when figure) the wall shear stress decreases With As was ex-
B > 0 and retarded whef < 0. From the above table itis ~ pected,f”(0) is independent from the Prandtl number when
seen that our analysis concern mainly accelerated flows. WeViscosity is constant. In Figs. 7 and 8, values for positive
treated only one case of retarded flow+£ —0.05) which is have not been included in order to avoid confusion between

not relevant to actual problems. many curves. Figs. 9 and 10 show the variatiod’¢0) and

In Figs. 5 and 6 the wall heat transfer and the wall shear f”(0) as functions of the exponent. Both6’(0) and 1" (0)
stress are shown as functions of the viscosity paramgetkr increase as m increases.
is seen that, for negative valuesgpfan increase af, causes In Figs. 11, 12 and 13 temperature profiles are shown

an increase i’(0) and f”(0) and this increase becomes for positive values of the viscosity parameggrand ambi-
abrupt a®, approaches zero. Wheénis positive, botto’(0) ent Prandtl numbers 1, 1000 and 10 000 whereas in Figs. 14,
and f”(0) increase a$, increases. These figures also show 15 and 16 temperature profiles are shown for negative val-
that as the exponent m increases the wall heat transfer andies ofg; and ambient Prandtl numbers 1, 1000 and 10 000.
the wall shear stress increase. In Fig. 7 the wall heat trans-It is interesting to note that whefy < 0 the temperature

fer is shown as function of the ambient Prandtl number. We profiles lay below the constant viscosity profiles and when



384 A. Pantokratoras/ International Journal of Thermal Sciences 45 (2006) 378-389

Table 4
Values of £”/(0) andé’ (0) for Pra = 1000
Or m = —0.05 m=0 m=1/11 m=1/5 Prw
) 60’0y ) 60'(0) ) 0'(0) ) 6’0
[ 0.2135 28955 03320 33871 04837 39196 06213 43497 1000
Hartree
-10 02358 29675 03655 34183 05303 40090 06805 44544 909
-8 0.2414 29841 Q3737 34382 05419 40308 06952 44768 889
-6 0.2507 30122 03875 34674 05613 40674 Q7197 45193 857
—4 0.2693 30673 04149 35313 05998 41360 Q7684 45933 800
-2 0.3253 32228 04969 37025 Q7144 43288 09130 47951 667
-1 0.4384 34966 06598 40035 09395 46643 11960 51708 500
-0.1 24619 59127 32868 65642 42975 74044 52372 80871 91
-0.01 121937 99633 137116 105034 155545 112640 174622 119695 10
—0.001 195123 11703 219213 122171 253048 129820 292519 138264 1
2 0.1045 24765 01668 28655 02465 33831 03187 37523 2000
4 0.1588 27010 02498 31184 03660 36735 04717 40668 1333
6 0.1770 27684 Q2774 31940 04054 37603 05219 41611 1200
8 0.1862 28014 02912 32329 04251 38030 05469 42230 1143
10 01917 28206 02995 32526 04368 38265 05619 42391 1111
00 0.2135 28955 03320 33871 04837 39196 06213 43497 1000
Or m=1/3 m=1 m=2 Pry
(©) 6’(0) O) 6'(0) ) 6’(0)
00 0.7574 48320 12326 65291 17151 83622 1000
Hartree Hartree
-10 08288 49346 13466 66460 18714 85750 909
-8 0.8466 49665 13749 66864 19101 86243 889
-6 0.8760 50086 14219 67427 19742 87732 857
—4 0.9347 50857 15153 68531 21043 88455 800
-2 11084 53231 17907 71514 24804 91238 667
-1 14464 57387 23219 76851 32024 97877 500
-0.1 6.1291 88911 92237 115740 123772 146776 91
-0.01 193483 128750 262086 161376 337091 200102 10
—0.001 332325 147135 484219 186522 647328 234420 1
2 0.3905 41812 06410 56666 08963 72111 2000
4 05762 45423 09415 61330 13130 78219 1333
6 0.6371 46412 10395 62645 14485 80029 1200
8 0.6674 46877 10881 63323 15157 80889 1143
10 06855 47178 11172 63677 15558 81367 1111
00 0.7574 48320 12326 65291 17151 83622 1000
1= 3 — T

Fig. 5. Variation of wall heat transfer as function of viscosity parameter for  Fig. 6. Variation of wall shear stress as function of viscosity parameter for
different values of the exponent and ambient Prandtl number 1. different values of the exponent and ambient Prandtl number 1.
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Table 5
Values of f”/(0) andé’ (0) for Pra = 10000
Or m = —0.05 m=0 m=1/11 m=1/5 Pryw
Q) 6’(0) (O] 6’(0) ) 6’(0) 170 6'(0)
o0 0.2135 62122 03320 72974 04837 84917 06213 95107 10000
Hartree
—-10 02354 63553 03649 74792 05315 86871 06821 97081 9091
-8 0.2409 63918 03730 75205 05434 87378 06972 97875 8889
—6 0.2500 64517 03871 75894 05631 88143 Q7224 98705 8571
-4 0.2682 65684 04146 77219 06026 89721 Q7727 100333 8000
-2 0.3232 68967 04971 80950 Q7209 94033 09228 104861 6667
-1 0.4336 74751 06621 87518 09554 101429 12208 112856 5000
-0.1 24945 127674 35412 146107 48973 167176 60974 184672 909
-0.01 196642 250785 236482 272765 285423 297023 328021 320000 99
—0.001 538275 346281 570817 363830 619973 383722 670011 407322 10
2 0.1057 53176 01663 62877 02439 73301 03144 82380 20000
4 0.1594 57948 02491 68375 03642 79642 04686 89261 13333
6 0.1775 59378 02767 70019 04042 81433 05197 91272 12000
8 0.1865 60069 02906 70833 04241 82350 05451 92477 11429
10 01919 60476 02987 71275 04361 82832 05604 92820 11111
o0 0.2135 62122 03320 72974 Q04837 84917 06213 95107 10000
Or m=1/3 m=1 m=2 Pry
f"(0) 6'(0) ) 6'(0) ) 6'(0)
00 0.7574 104846 12326 141583 17151 181850 10000
Hartree Hartree
—-10 08313 107259 13514 144672 18791 185725 9091
-8 0.8496 107921 13810 145254 19201 186325 8889
-6 0.8802 108877 14302 146667 19880 188256 8571
—4 09413 110731 15284 149245 21233 191708 8000
-2 11235 115843 18208 155920 25288 199810 6667
-1 14834 124869 23972 168000 33225 213033 5000
-0.1 7.1435 201259 113449 268043 154711 339245 909
-0.01 360405 341217 515265 440328 667306 548780 99
—0.001 719856 435017 936524 533058 1184044 657657 10
2 0.3842 90487 06280 121714 Q8771 155111 20000
4 05719 98171 09325 132525 12996 168847 13333
6 0.6340 100521 10330 135378 14388 173002 12000
8 0.6649 101761 10831 136593 15081 174826 11429
10 06835 102538 11130 137366 15496 176073 11111
00 0.7574 104846 12326 141583 17151 181850 10000
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Fig. 7. Variati_on of wall heat transfer as functio_n o_f the ambient Prandtl Fig. 8. variation of wall shear stress as function of the ambient Prandtl
number f(_)f dn‘ferent values of 'the exponent SO'_'d I|n_es correspond to number for different values of the exponent Solid lines correspond to
variable viscosity and dashed lines to constant viscosity. variable viscosity and dashed lines to constant viscosity.
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Fig. 12. Temperature distribution for ambient Prandtl number 1000 and dif-
ferent values of the exponent m. Solid lines correspond to variable viscosity

Fig. 9. Variation of wall heat transfer as function of the exponentor ’ !
(6r = 2) and dashed lines to constant viscosiy= ).

different values of the ambient Prandtl numberdpe —0.001.

120 —

80 —

(0)

Pr,=1000

m=0

Fig. 13. Temperature distribution for ambient Prandtl number 10000 and
different values of the exponent. Solid lines correspond to variable vis-
cosity @r = 2) and dashed lines to constant viscos#y=£ ).

Fig. 10. Variation of wall shear stress as function of the exponeffior
different values of the ambient Prandtl numberdpe= —0.001.

Fig. 11. Temperature distribution for ambient Prandtl number 1 and differ- Fig. 14. Temperature distribution for ambient Prandtl number 1 and differ-
ent values of the exponent m. Solid lines correspond to variable viscosity ent values of the exponent. Solid lines correspond to variable viscosity
(6r = 2) and dashed lines to constant viscosiy=£ ). (6r = —0.001) and dashed lines to constant viscosify=£x).
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Fig. 15. Temperature distribution for ambient Prandtl number 1000 and dif- Fig. 18. Velocity distribution for ambient Prandtl number 1000 and differ-
ent values of the exponent. Solid lines correspond to variable viscosity

ferent values of the exponemt Solid lines correspond to variable viscosity
(6r = —0.001) and dashed lines to constant viscogity=f ).

(6r = 2) and dashed lines to constant viscostiy= ).

———

Fig. 19. Velocity distribution for ambient Prandtl number 10 000 and differ-

(6r = 2) and dashed lines to constant viscosfiy=£ ).

Fig. 16. Temperature distribution for ambient Prandtl number 10000 and gnt values of the exponent. Solid lines correspond to variable viscosity

different values of the exponent. Solid lines correspond to variable vis-
cosity @r = —0.001) and dashed lines to constant viscosity=f ).

6r > 0 the temperature profiles lay above the constant viscos-
ity profiles. It is also seen that as the ambient Prandtl number

increases the temperature profiles become “narrower” (the
width of temperature profile decreases). The expomemas
the same influence, that is, as m increases the temperature
profile width decreases. Figs. 17, 18 and 19 show the cor-
responding velocity profiles for positivig and Figs. 20, 21
and 22 show the corresponding velocity profiles for nega-
tive 6,. We see that whefi; < 0 the velocity profiles lay
above the constant viscosity Profiles and the opposite hap-
pens wherg, > 0. The explanation is the following: from
the above tables we see that for negative valueg; ahe
Prandtl number at the plat®r,) is smaller than the ambi-
ent one and for positive values @fthe Pry, is greater than

Fig. 17. Velocity distribution for ambient Prandtl number 1 and differ-
ent values of the exponent. Solid lines correspond to variable viscosity

(6r = 2) and dashed lines to constant viscosfiy=£ ).

the ambient one. Obviously the same happens with viscosity
taking into account that thermal diffusivity is constant. This
means that viscosity decreases inside the boundary layer for
6r < 0 and increases fat, > 0. Itis well known in fluid me-
chanics that when viscosity decreases the velocity increases
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Fig. 20. Velocity distribution for ambient Prandtl nhumber 1 and differ-
ent values of the exponent. Solid lines correspond to variable viscosity
(6r = —0.001) and dashed lines to constant viscogity=f ).

Fig. 21. Velocity distribution for ambient Prandtl number 1000 and differ-
ent values of the exponent. Solid lines correspond to variable viscosity
(6r = —0.001) and dashed lines to constant viscosity=f ).

classical
Felkner-Skan problem

06

ufu,

04

02

Fig. 22. Velocity distribution for ambient Prandtl number 10 000 and differ-

ent values of the exponent. Solid lines correspond to variable viscosity
(6r = —0.001) and dashed lines to constant viscosity=f ).
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(the fluid flows easier) and vice versa. For that reason the ve-
locity profiles in Figs. 20, 21 and 22 lay above the constant
viscosity profiles and below them in Figs. 17, 18 and 19.
The increased velocities in Figs. 20, 21 and &2< 0) sup-
press the corresponding temperature profiles in Figs. 14, 15
and 16 and for that reason these profiles lay below the con-
stant viscosity profiles. The opposite happens in Figs. 11, 12
and 13.

It should be mentioned here that all the constant viscosity
profiles (dashed lines) in the above figures have been pro-
duced by the present method and are identical with those
produced by the classical similarity method with constant
viscosity (velocity similarity profiles with constant viscos-
ity are given on page 245 in White [14] and on page 151 in
Schlichting [19]).

4. Conclusions

The foregoing results are the first complete calculations
of the effect of variable viscosity on the classical Falkner—
Skan flow and can be summarized as follows:

The wall heat transfe#’(0) and the wall shear stress

f”(0) increase as the viscosity paramefeincreases.

The increase becomes abrupbaapproaches zero.

. The wall heat transfe?’(0) increases aPr, increases
for both positive and negative valuespf

. The wall shear stresg’(0) increases aPr, increases
for ; < 0 and decreases féf > 0.

. The wall heat transfe#’(0) and the wall shear stress
f”(0) increase as the exponentincreases.

. The temperature profiles lay below the constant viscos-

ity profiles wherg, < 0 and above them wheh > 0.

The velocity profiles lay above the constant viscosity

profiles wherd, < 0 and below them whef} > 0.

1.

6.
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